Abstract. Let G be a graph with the usual shortest-path metric. A graph is δ-hyperbolic if for every geodesic triangle T , any side of T is contained in a δ-neighborhood of the union of the other two sides. A graph is chordal if every induced cycle has at most three edges. A vertex separator set in a graph is a set of vertices that disconnects two vertices. In this paper we study the relation between vertex separator sets, some chordality properties which are natural generalizations of being chordal and the hyperbolicity of the graph. We also give a characterization of being quasi-isometric to a tree in terms of chordality and prove that this condition also characterizes being hyperbolic, when restricted to triangles, and having stable geodesics, when restricted to bigons.
Introduction
The theory of Gromov hyperbolic spaces was introduced by M. Gromov for the study of finitely generated groups (see [22] ). Since then, this theory has been developed from a geometric point of view to the extent of making hyperbolic spaces an important class of metric spaces to be studied on their own (see, for example, [8, 11, 12, 24, 48] ). In the last years, Gromov hyperbolicity has been intensely studied in graphs (see [2, 3, 5, 13, 14, 17, 21, 25, 33, 34, 35, 36, 37, 38, 39, 40, 41, 45, 47] ). Gromov hyperbolicity, specially in graphs, has found applications in different areas such as phylogenetics (see [19, 20] ), complex networks (see [16, 28, 43, 44] ) or the secure transmission of information and virus propagation on networks (see [26, 27] ).
Given a metric space (X, d), a geodesic from x ∈ X to y ∈ X is an isometry, γ, from a closed interval [0, l] ⊂ R to X such that γ(0) = x, γ(l) = y. We will also call geodesic to the image of γ. X is a geodesic metric space if for every x, y ∈ X there exists a geodesic joining x and y; any of these geodesics will be denoted as [xy] although this notation is ambiguous since geodesics need not be unique.
Herein, we consider the graphs always equipped with a length metric where every edge e ∈ E(G) has length 1. The interior points of the edges are also considered points in G. Then, for any pair of points in x, y ∈ G, the distance d(x, y) will be the length of the shortest path in G joining x and y. In this case, the graph is a geodesic metric space. Let us also assume that the graphs are connected.
There are several definitions of Gromov δ-hyperbolic space which are equivalent although the constant δ may appear multiplied by some constant (see [12] ). We are going to use the characterization of Gromov hyperbolicity for geodesic metric spaces given by the Rips condition on the geodesic triangles. If X is a geodesic metric space and x 1 , x 2 , x 3 ∈ X, the union of three geodesics [x 1 x 2 ], [x 2 x 3 ] and [x 3 x 1 ] is called a geodesic triangle and will be denoted by T = {x 1 , x 2 , x 3 }. T is δ-thin if any side of T is contained in the δ-neighborhood of the union of the two other sides. The space X is δ-hyperbolic if every geodesic triangle in X is δ-thin. We denote by δ(X) the sharp hyperbolicity constant of X, i.e. δ(X) := inf{δ | every triangle in X is δ-thin}. We say that X is hyperbolic if X is δ-hyperbolic for some δ ≥ 0. A triangle with two identical vertices is called a bigon.
A graph G is chordal if every induced cycle has at most three edges. In [9] , the authors prove that chordal graphs are hyperbolic giving an upper bound for the hyperbolicity constant. In [49] , Wu and Zhang extend Date: August 7, 2018. this result for a generalized version of chordality. They prove that k-chordal graphs are hyperbolic where a graph is k-chordal if every induced cycle has at most k edges. In [1] , the authors define the more general properties of being (k, m)-edge-chordal and (k, k 2 )-path-chordal and prove that every (k, m)-edge-chordal graph is hyperbolic and that every hyperbolic graph is (k, k 2 )-path-chordal. In [32] , we continue this work and define being ε-densely (k, m)-path-chordal and ε-densely k-path-chordal. In [1] and [32] , edges where aloud to have any finite length but in this work we assume that all edges have length one. Therefore, the distinction between edge and path is unnecessary and these properties are referred as (k, m)-chordal and ε-densely k-chordal. The main results in [32] (with this simplified notation) state that (k, 1)-chordal ⇒ ε-densely (k, m)-chordal ⇒ δ-hyperbolic and δ-hyperbolic ⇒ ε-densely k-chordal ⇒ k-chordal.
We also provide examples showing that for all these implications the converse is not true and we give a characterization of hyperbolicity on graphs in terms of a chordality property on the triangles.
Herein, we continue this study analysing some relations between these properties and vertex separators. There are some well known relations between chordality and vertex separators. For example, G. A. Dirac proved in [18] that a graph is chordal if and only every minimal vertex separator is complete. See also [29, 46] and [7] and the references therein. Our main results are the following.
In Section 2 we prove that being (k, 1)-chordal implies that every minimal vertex separator has uniformly bounded diameter. We also obtain that, for uniform graphs, if every minimal vertex separator has uniformly bounded diameter, then the graph is ε-densely (k, m)-chordal, and therefore hyperbolic.
Section 3 studies the relation between generalized chordality and Bottleneck Property, which is an important property on hyperbolic geodesic spaces. J. Manning defined it in [30] and proved that a geodesic metric space satisfies (BP) if and only if it is quasi-isometric to a tree. This characterization has proved to be very useful, see for example [6] . For some other relations with (BP) see [15, 31] and the references therein.
Here, we prove that a graph satisfies (BP) if and only if it is ε-densely (k, m)-chordal, providing a characterization of being quasi-isometric to a tree in terms of chordality. Also, the characterization of hyperbolicity from [32] is re-written obtaining that a graph is hyperbolic if and only if it is ε-densely (k, m)-chordal on the cycles that are geodesic triangles.
Furthermore, we prove that if G is a uniform graph and every minimal vertex separator has uniformly bounded diameter, then the graph satisfies (BP) and, therefore, it is quasi-isometric to a tree. Finally, we prove directly that being (k, 1)-chordal implies (BP ).
In Section 4 we generalize the concept of vertex separators defining vertex r-separators. It is proved that if, in a uniform graph, all minimal vertex r-separators have uniformly bounded diameter, then the graph is ε-densely (k, m)-chordal, and therefore, quasi-isometric to a tree.
Section 5 introduces neighbor separators, generalizing also vertex separators. This concept allows to characterize (BP ) in terms of having a neighbor-separator vertex.
In section 6 we define neighbor obstructors. We use them to characterize the graphs where geodesics between vertices are stable and to prove that geodesics between vertices are stable if and only if the graph is ε-densely (k, m)-chordal on the bigons defined by two vertices. We also prove that, in general, geodesics are stable if and only if the graph is ε-densely (k, m)-chordal on the bigons.
Generalized chordality and minimal vertex separators
We are assuming that every path if finite and simple, this is, it has finite length and distinct vertices. By a cycle in a graph we mean a simple closed curve, this is, a path defined by a sequence of vertices which are all different except for the first one and the last one which are the same.
Let γ be a path or a cycle. A shortcut in γ is a path σ joining two vertices p, q in γ such that L(σ) < d γ (p, q) where L(σ) denotes the length of the path σ and d γ denotes the length metric on γ. A shortcut σ in γ is strict if σ ∩ γ = {p, q}. In this case, we say that p, q are shortcut vertices in γ associated to σ. A shortcut with length k is called a k-shortcut.
Remark 2.1. Suppose σ is a k-shortcut in a cycle C joining two vertices, p, q. Then, σ contains an strict shortcut and there are two shortcut vertices p , q such that
Notice that being chordal is equivalent to being (4, 1)-chordal.
Remark 2.4. Notice that in the definitions of k-chordal and (k, m)-chordal it makes no sense to consider k ≤ 3 nor k < 2m. Therefore, let us assume always that k ≥ 4 and k ≥ 2m.
Given a metric space (X, d) and any ε > 0, a subset A ⊂ X is ε-dense if for every x ∈ X there exists some a ∈ A such that d(a, x) < ε. Definition 2.5. A metric graph (G, d) is ε-densely k-chordal if for every cycle C with length L(C) ≥ k, there exist strict shortcuts σ 1 , ..., σ r such that their associated shortcut vertices define an ε-dense subset in Let us call a path joining the vertices a, b an ab-path. Definition 2.8. S is a minimal separator if no proper subset of S is a separator. Similarly, S is a minimal ab-separator if no proper subset of S separates a and b. Finally, S is a minimal vertex separator if it is a minimal separator for some pair of vertices.
Note that being a minimal vertex separator does not imply being a minimal separator. See Figure 1 . Figure 1 . The set {d, e} is a minimal ab-separator but it is not a minimal separator. Remark 2.9. Let S be a minimal ab-separator and let G a , G b be the connected components of G\S containing a and b respectively. Then, notice that every vertex v in S is adjacent to both G a and G b . Otherwise, S \ {v} is an ab-separator. Then, there are vertices a 1 , a n in G a adjacent to x and y respectively and, since G a is connected, there is a path γ 1 = {x, a 1 , ..., a n , y} with a i ∈ G a ∀1 ≤ i ≤ n. Similarly, there exist vertices b 1 , b m in G b adjacent to y and x respectively and a path γ 2 = {y,
there is a shortcut σ in C with L(σ) = 1. However, since S is an ab-separator, vertices in G a and G b can not be adjacent and since γ 1 , γ 2 are supposed minimal, there is no possible 1-shortcut on γ i for i = 1, 2. Thus, x, y need to be adjacent leading to contradiction.
The converse is not true.
Example 2.11. Consider the graph G 0 whose vertices are V (G 0 ) = {n ∈ N | n ≥ 3} and edges joining consecutive numbers. Now, let us define the graph G such that for every n ≥ 3, there is cycle C n whose vertices are all adjacent to the vertex n in G 0 . See Figure 2 . It is trivial to check that G is not (k, 1)-chordal for any k > 0 since the cycles C n have no 1-shortcut in G.
Let us see that every minimal vertex separator has diameter at most 2. Consider any pair of non-adjacent vertices a, b in G.
If a, b ∈ C n for some n, then every vertex separator S must contain the vertex n and at least two vertices
If a, b / ∈ C n for any n, then the geodesic [ab] is contained in G 0 . Therefore, any ab-separator must contain some vertex m ∈ [ab] and m separates a and b. Thus, if S is minimal, then S is just a vertex and diam(S) = 0.
Remark 2.12. Given two vertices a, b, a path γ joining them and a vertex v ∈ γ distinct from a, b, there may not exist a minimal ab-separator containing {v}. Consider, for example four vertices x 0 , x 1 , x 2 , x 3 with edges x i−1 x i for every 1 ≤ i ≤ 3 and an edge x 0 x 2 . Then, there is no minimal x 0 x 3 -separator containing
Given a graph G and a subgraph, A ⊂ G, let us denote V (A) the vertices in A. Definition 2.13. A graph Γ is said to be µ-uniform if each vertex p of V has at most µ neighbors, i.e.,
If a graph Γ is µ-uniform for some constant µ we say that Γ is uniform.
For any vertex v ∈ V (G) and any constant ε > 0, let us denote:
Lemma 2.14. Let G be a uniform graph. Given two vertices a, b, a geodesic [ab] joining them and a vertex v 0 ∈ [ab] distinct from a, b, then there is a minimal ab-separator containing {v 0 }.
Proof. Suppose any geodesic [ab] and v
It is immediate to check that S 0 is an ab-separator and [ab] ∩ S 0 = {v 0 }. Since S 0 is finite, then there is a minimal subset S ⊂ S 0 which is also an ab-separator.
Let us recall that a graph Γ is countable if |V (Γ)| ≤ ℵ 0 , i.e. if it has a countable number of vertices.
Remark 2.15. In the case of countable graphs and using the Axiom of Choice, Lemma 2.14 can be slightly improved. See Lemma 2.16 below.
Lemma 2.16. Let G be a uniform countable graph. Given two vertices a, b, a path γ 0 joining them and a vertex v 0 ∈ γ 0 distinct from a, b, then either there is a 1-shortcut in γ 0 or there is a minimal ab-separator containing {v 0 }.
Proof.
If there is no ab-path in G \ {v 0 } it suffices to consider S := {v 0 }.
If there is an ab-path
Thus, let us suppose that every ab-path γ in G \ {v 0 } contains a vertex which is not in γ 0 and that there is at least one of these ab-paths.
Since |V (G)| is countable and G is uniform there exist at most ℵ k 0 ab-paths of length k. Then, there exist at most a countable number (a countable union of countable sets) of ab-paths, {γ i } i∈I⊂N in G \ {v 0 } where I = {1, . . . , m} if there exist exactly m such paths or I = N if the number of those paths is not finite.
For every i ∈ I, consider some vertex x i in V (γ i ) \ V (γ 0 ) and let X = {x i } i∈I . Now let S 0 := X and for every 0 < i ∈ I define:
Notice that for every i, S i ⊂ S i−1 and let S := ∩ i∈I S i . Claim: S is a minimal ab-separator containing v 0 . First, let us see that S is an ab-separator. Consider any ab-path, γ j . Suppose V (γ j )∩X = {x j1 , x j2 , ..., x j k } and assume j l < j k for every l < k. Then, it is trivial to check that there exist some vertex x jr ∈ S j k ∩ V (γ j ) and, by construction, x jr ∈ S.
To check that S is minimal, first notice that, since x i / ∈ V (γ 0 ) for every i ∈ I, V (γ 0 ) ∩ (S\{v 0 }) = ∅ and S\{v 0 } is not an ab-separator. Now, suppose that there is some vertex x j ∈ S with j ∈ I such that S \ {x j } is also an ab-separator. Since
Thus, S is a minimal ab-separator containing v 0 . 
. Let γ 0 be the ab-path in C containing v. Then by Lemma 2.14, either there is a shortcut in γ 0 or there is a minimal ab-separator containing v.
If there is a shortcut in γ 0 then it has length at most 2m − 1. Therefore, it defines a shortcut in C with an associated shortcut vertex v such that Proof. Let C be any cycle with L(C) ≥ 2m + 2. Let v be any vertex in C and let a, b be the two vertices in
. Let γ 0 be the ab-path in C containing v. Then by Lemma 2.16, either there is a 1-shortcut in γ 0 or there is a minimal ab-separator containing v.
If there is a 1-shortcut in γ 0 then, in particular, there is an associated shortcut vertex v such that 
Bottleneck Property
Let us recall the following definition from [30] : Definition 3.1. A geodesic metric space (X, d) satisfies Bottleneck Property (BP) if there exists some constant ∆ > 0 so that given any two distinct points x, y ∈ X and a midpoint z such that d(x, z) = d(z, y) = 1 2 d(x, y), then every xy-path intersects N ∆ (z). Remark 3.2. This definition although is not exactly the same, it is equivalent to Manning's. In the original definition J. Manning asked only for the existence of such a midpoint for any pair of points x, y. However, by Theorem 3.5 below, (BP) implies that the space is quasi-isometric to a tree and therefore δ-hyperbolic. Hence, it is an easy exercise in hyperbolic spaces to prove that if there is always a midpoint z such such that every xy-path intersects N ∆ (z), then this condition holds in general for any midpoint, possibly with a different constant depending only on ∆ and δ. See, for example, Chapter 2, Proposition 25 in [24] . 
(z).
A map between metric spaces, f :
, is said to be a quasi-isometric embedding if there are constants λ ≥ 1 and C > 0 such that ∀x, Let us recall the following: Lemma 3.9. [42, Lemma 2.1] Let X be a geodesic metric space. If every geodesic triangle in X which is a cycle is δ-thin, then X is δ-hyperbolic.
Let T be the family of cycles that are geodesic triangles. It is immediate to check that, using Lemma 3.9, the proof of Theorem 13 in [32] can be trivially re-written (we include it for completeness) to obtain the following:
xy] such that d T (q, q ) < 2δ + 1 associated to a shortcut with length at most δ. Since L(T ) ≥ 9δ, by triangle inequality, there is at most one side of the triangle with length at most 2δ. Then, for every point p in the triangle there is a shortcut vertex p such that d T (p, p ) < 3δ + 1 associated to a shortcut with length at most δ. Thus, it suffices to consider ε = 3δ + 1, k = 9δ and m = δ.
Remark 3.11. Notice that in Corollary 3.7 we obtain that a graph G is quasi-isometric to a tree if and only if all the cycles satisfy certain property and Theorem 3.10 states that the same property, restricted to the cycles which are geodesic triangles, characterizes being hyperbolic.
The following theorem can be also obtained as a corollary of theorems 2.17 and 3.6. However, the direct proof provides a better bound for the parameter ∆.
Theorem 3.12. Given a uniform graph G, if every minimal vertex separator has diameter at most m then G satisfies (BP) (i.e., G is quasi-isometric to a tree). Moreover, it suffices to take ∆ = m + 2. The following example shows that converse is not true. Example 3.13. Let G be the graph whose vertices are all the pairs (a, b) with either a ∈ N and b = 0 or 4n + 1 ≤ a ≤ 4n + 3 and 1 ≤ b ≤ n for every n ∈ N, and such that (a, b) is adjacent to (a , b ) if and only if either b = b and |a − a| = 1 or a = a and |b − b| = 1. See Figure 3 . Now, notice that S n = {4n + 2, j} 0≤j≤n defines a minimal (4n, 0)(4n + 4, 0)-separator with diameter n for every n ∈ N. Therefore, G has minimal ab-separators arbitrarily big. However, to see that G satisfies (BP), consider the map f : V (G) → V (G) such that f (i, j) = (4n+2, j) for every 4n+1 ≤ i ≤ 4n+3 and 1 ≤ j ≤ n and the identity on the rest of the vertices. It is trivial to check that f extends to a (1, 2)-quasi-isometry on G where the image is a tree. Therefore, G is quasi-isometric to a tree and satisfies (BP) (and it is ε-densely (k, m)-chordal). Remark 3.14. In the case of uniform graphs, the following theorem can also be obtained as a corollary of Proposition 2.10 and Theorem 3.12. Also, it follows from Theorem 3 in [32] and Theorem 3.6. However, the direct proof provides a better bound for the parameter. Corollary 3.16. If G is (k, 1) -chordal, then G is quasi-isometric to a tree. Remark 3.18. The converse to Theorem 3.15 or Corollary 3.16 is not true. It is immediate to check that the graph from Example 2.11 is quasi-isometric to a tree through the map sending every cycle C n to the vertex n. If γ 1 is not a geodesic, then there is a shortcut with length at most r and a shortcut vertex v such that
If γ 1 is a geodesic, by Lemma 4.5, there exists a minimal ab-r-separator S containing x 1 , x 2 . Then, there exist y 1 , y 2 ∈ γ 2 ∩ S, with y 1 between a and y 2 , such that If γ 1 is a geodesic, consider S the minimal ab-r-separator containing x 1 , x 2 built in the proof of Lemma 4.5. and let us assume, without loss of generality, that S a has diameter at most m. Then, by construction, there exists Then, from Theorems 3.6 and 4.7, we can obtain immediately the following: Corollary 4.8. Let G be a uniform graph and r ≥ 2. If for every minimal ab-r-separator S either S a or S b has diameter at most m, then G satisfies (BP), i.e., G is quasi-isometric to a tree.
Also
, from theorems 2.19, 4.6 and 4.7 we obtain: Corollary 4.9. Let G be a uniform graph and r ≥ 2. If every minimal vertex r-separator has diameter at most m with m ≤ r, then G is δ-hyperbolic. Moreover, δ(G) ≤ 2r + 1 2 . Corollary 4.10. Let G be a uniform graph and r ≥ 2. If for every minimal ab-r-separator S either S a or S b has diameter at most m, then G is δ-hyperbolic. Moreover, δ(G) ≤ max{ 3m+3 2 + 2r, 2m + r + 3 2 }}.
Neighbor separators
Given a set S in a graph G, let N r (S) :
Definition 5.1. Given two vertices a, b in a graph G = (V, E) and some r ∈ N, a set S ⊂ V is an ab-N r -separator if a and b are in different components of G \ N r (S). S is an ab-neighbor separator if it is an ab-N r -separator for some r.
Notice that an ab-separator is just an ab-N 0 -separator. Since σ is chordal and γ has minimal length, the edge must join a vertex, v ∈ γ to a vertex in σ . Therefore, v ∈ N 1 (σ ) ∩ A leading to contradiction. 
is an ab-N m -separator, then G is quasi-isometric to a tree.
Neighbor obstructors
Definition 6.1. Given two vertices a, b in a graph G = (V, E) and some r ∈ N, a set S ⊂ V is ab-N robstructing if for every geodesic γ joining a and b, γ ∩ N r (S) = ∅.
Given any metric space (X, d) and any pair of subsets A, B ⊂ X, let us recall that the Hausdorff metric, It is well known that if X is a hyperbolic space, then quasi-geodesics are stable. See, for example, Theorem III.1.7 in [8] . In particular, geodesics are stable in hyperbolic geodesic spaces.
Let B be the family of cycles that are bigons.
Theorem 6.3. Given a graph G, geodesics are stable if and only if there exist constants ε > 0 and k, m ∈ N such that G is ε-densely (k, m)-chordal on B.
Proof. Suppose that G is ε-densely (k, m)-chordal on B. Consider any pair of points x, y and any pair of geodesics, σ 1 , σ 2 , joining them. Then, for any point z ∈ σ 1 , either z ∈ σ 1 ∩ σ 2 or there is a cycle
Suppose that geodesics are stable with constant R. Consider any pair of points x, y with d(x, y) ≥ 2R + 2 and two xy-geodesics σ 1 , σ 2 such that σ 1 ∪σ 2 defines a cycle C. Then, for any point z ∈ σ 1 (respectively with
and there is an strict R-shortcut in C with a shortcut vertex v such that d C (v, z) < R. Thus, shortcut vertices are (2R + 1)-dense in C and G is (2R + 1)-densely (4R + 4, R)-chordal on B. 
Therefore, it follows immediately that σ 1 ⊂ N k+1/2 (σ 2 ). The same argument proves that σ 2 ⊂ N k+1/2 (σ 1 ) and therefore, d H (σ 1 , σ 2 ) < k + 1.
Let B 0 be the family of cycles that are bigons defined by two geodesics between vertices. Let us suppose that geodesics between vertices are stable with constant R. Let a, b be two vertices with d(a, b) ≥ 2R + 2 and C be a cycle which is a bigon defined by two ab-geodesics, σ 1 , σ 2 . Therefore, L(C) ≥ 4R + 4. Consider any vertex v ∈ σ 1 (respectively, σ 2 ) such that d(v, {a, b}) > R. Then, since geodesics between vertices are stable with parameter R, v ∈ N R (σ 2 ) (respectively, σ 1 ) and there is a strict R-shortcut in C with an associated shortcut vertex w such that d C (v, w) < R. Therefore, shortcut vertices are (2R + 1)-dense in C and G is (2R + 1)-densely (4R + 4, R)-chordal on B 0 .
The following example shows that having stable geodesics between vertices does not imply that geodesics are stable.
Example 6.8. Consider the family of odd cycles {C 2k+1 : k ∈ N} and suppose we fix a vertex v k in each cycle and we define a connected graph G identifying the family {v k : k ∈ N} as a single vertex v. Notice that in G geodesics between vertices are unique. If two vertices belong to the same cycle C 2k+1 , then the geodesic is contained in the cycle and it is clearly unique. Otherwise, the geodesic is the union of the two (unique) shortest paths joining the vertices to v. Thus, geodesics between vertices are stable with constant 0.
Let m k be the midpoint of an edge in C 2k+1 such that d(m k , v) = k + 1 2 . Then, C 2k+1 is a bigon in G defined by two geodesics, σ 1 , σ 2 joining m k to v and d H (σ 1 , σ 2 ) = k 2 + 1 4 with k arbitrarily large. Remark 6.9. Notice that the same property that characterizes being quasi-isometric to a tree (Corollary 3.7), also characterizes being hyperbolic, when restricted to triangles (Theorem 3.10), having stable geodesics, when restricted to bigons (Theorem 6.3) and having stable geodesics between vertices, when restricted to bigons between vertices (Theorem 6.7).
The proof of Proposition 6.6 can be adapted to prove also the following: 
